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Abstract — The dual of an entanglement-assisted quantum 
error-correcting (EAQEC) code is defined from the orthogonal 
group of a simplified stabilizer group. From the Poisson sum- 
mation formula, this duality leads to the MacWilliams identities 
and linear programming bounds for EAQEC codes. We establish 
a table of upper and lower bounds on the minimum distance of 
any maximal-entanglement EAQEC code with length up to 15 
channel qubits. 

Index Terms — entanglement-assisted quantum error correc- 
tion, quantum dual code, MacWilliams identity, linear program- 
ming bound 



I. Introduction 

The theory of quantum error correction underpins the prac- 
tical realization of quantum computation and quantum com- 
munication m, ||2l, |l3J, L4J, 15J, L6J. Quantum stabilizer codes 
are an extensively analyzed class of quantum error-correcting 
codes because their encoding, decoding, and recovery are 
straightforward to describe using thek algebraic properties 17|, 

10, El, Col. 

Entanglement-assisted quantum error correction is a 
paradigm in which the sender and receiver share entanglement 
before quantum communication begins ifTTl . An [[rt, fc, d; c]] 
EAQEC code encodes k information qubits into n channel 
qubits with the help of c pairs of maximally-entangled Bell 
states. The code can correct up to [^^J errors acting on the n 
channel qubits, where d is the minimum distance of the code. 
Standard stabilizer codes are a special case of EAQEC codes 
with c = 0, and we use the notation [[n, fc, d]] for such codes. 

Bowen proposed the first EAQEC code fl^, which is 
equivalent to the well-known five-qubit code |13|. Fattal et 
al. established a technique for handling entanglement in the 
stabilizer formalism [14|. Brun, Devetak, and Hsieh then 
devised the entanglement-assisted stabilizer formalism and 
showed how to transform any [n^k,d] classical quaternary 
CO dfl into an [[a, 2k — n + c,d; c]] EAQEC code, where c 
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depends on the properties of the classical code fl5\. Lai and 
Brun further explored the properties of EAQEC codes and pro- 
posed an optimization method to find optimal EAQEC codes 
that cannot be obtained by the aforementioned construction 
116|. By optimal, we mean that d is the highest achievable 
minimum distance for given parameters n, k, and c. 

In classical coding theory, a well-established notion is that 
of a dual code. Suppose that C is an [n, k] hnear code over 
an arbitrary field GF(g) with a generator matrix G and a 
corresponding parity check matrix H such that HG^ = 0. 
The dual code of C is the [n, k' = n — k] linear code with 
H as a generator matrix and G as a parity check matrix. The 
dimensions of the code C and its dual code satisfy the 
relation k + k' = n. It is well known that the MacWilliams 
identity gives a relationship between the weight enumerator of 
C and the weight enumerator of its dual code C-*" [il7i . which 
can be used to determine the minimum distance of the dual 
code C^, given the weight enumerator of C. 

The MacWilliams identity for quantum codes connects the 
weight enumerator of a classical quaternary self-orthogonal 
code associated with the quantum code to the weight enumer- 
ator of its dual code [18], [19\, |20J, |21J. This leads to the 
linear programming bounds (upper bound) on the minimum 
distance of quantum codes. We will show that this type of 
the MacWilliams identity for quantum stabilizer codes can be 
directly obtained by applying the Poisson summation formula 
from the theory of orthogonal groups. However, the orthogonal 
group of a stabilizer group with respect to the symplectic inner 
product (which will be defined later) does not define another 
quantum stabilizer code. So this is not a duality between codes 
in the usual quantum case. 

In this paper, we define a notion of duality in entanglement- 
assisted quantum error correction based on the theory of 
orthogonal groups, and this notion of duality bears more 
similarity to the classical notion of duality because the or- 
thogonal group of an entanglement-assisted code forms a 
nontrivial entanglement-assisted quantum code. We then show 
how the quantum analog of the MacWilliams identity and 
the linear programming bound for EAQEC codes follow in 
a natural way. We apply the EAQEC code constructions in 
IfTTl . ifTgl . ifel to find good EAQEC codes with maximal 
entanglement for n < 15. Combining the results of the linear 
programming bounds, we give a table of upper and lower 
bounds on the highest achievable minimum distance of any 
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maximal-entanglement EAQEC cod^ for n < 15. 

We organize this paper as follows. We first review some 
basics of entanglement-assisted quantum codes in the follow- 
ing section. In Section |III1 we define the dual of an EAQEC 
code. The MacWilliams identity for EAQEC codes and the 
linear programming bound for EAQEC codes are derived in 
Section IIVI followed by a table of upper and lower bounds 
on the minimum distance of any EAQEC code with maximal 
entanglement and n < 15. The final section concludes with a 
summary and future questions. 

II. Review of EAQEC Codes 



We begin with some notation. The Pauli matrices 
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form a basis of the space of linear operators on a two 
dimensional single-qubit state space H. Let 



{eMi 



M„ : Mj G {/, X, Y, Z}, e e {±1, ±i}} 



be the rt-fold Pauli group. We use the subscript Xj, Yj, or 
Zj to denote a Pauli operator on qubit number j. We define 
X" = rii M =1 -^i for some binaiy n-tuple u = {ui ■ ■ ■ Un) 
and similarly = Hj i) =i foi" some binary n-tuple v — 
{vi ■ ■ - Vn)- Any element g — eMi • • • (g) M„ G Gn can be 
expressed as g = e'X^Z"" for some e' G {±l,±j} and two 
two binary n-tuples u and v. The weight wt(g) of g is the 
number of Mj 's that are not equal to the identity operator /. 
Since the overall phase of a quantum state is not important, 
we consider the quotient of the Pauli group by its center Qn ~ 
Qn/{±\, ±i}, which is an Abelian group and can be generated 
by a set of 2n independent generators. For gi = X'^^Z^^, 
g2 — X'^'^Z'"^ G Qn, the symplectic inner product * in Qn is 
defined by 

gi * 92 — ui ■ V2 + U2 ■ vi mod 2, 

where • is the usual inner product for binary n-tuples. Note 
that * is commutative. We define a map : Qn Qn by 
{eX'^Z") = For g, h G Qn, <f){g) * <f){h) = if they 

commute, and (t>{g) * 4){h) — 1, otherwise. The orthogonal 
group of a subgroup V of Qn with respect to * is 



{g£Qn:g*h^ 0,V/i G V}. 



For example, consider a stabilizer group S, which is an 
Abelian subgroup of Qn and does not contain the negative 
identity operator — /. Then the orthogonal group of 0(5) is 
((/)(iS))^ — (j){N'{S)), where Af{S) is the normalizer group of 
S. 

^One might wonder why we are considering EAQEC codes that exploit the 
maximum amount of entanglement possible, given that noiseless entanglement 
could be expensive in practice. But there is good reason for doing so. The 
so-called "father" protocol is a random entanglement-assisted quantum code 
fli], 1 24 1, and it achieves the entanglement-assisted quantum capacity of a 
depolarizing channel (the entanglement-assisted hashing bound |25|, |12|) by 
exploiting maximal entanglement. Furthermore, there is numeiical evidence 
that maximal-entanglement turbo codes come within a few dB of achieving 
the entanglement-assisted hashing bound 1261 . 



An [[n, fcjd]] stabilizer code is a 2'^-dimensional subspace 
of the n-qubit Hilbert space H®", which is the joint +1- 
eigenspace of n — k independent generators of a stabilizer 
subgroup S of Qn- The minimum distance d is the minimum 
weight of any element in (f){M{S)) \ (j>{S). 



In the scheme of EAQEC codes HI, UM, AUce 
and Bob share c maximally-entangled pairs \^+)ab = 
(1 00) + 1 11)). Suppose Alice tries to send a /c-qubit state 
to Bob through a noisy channel, using an additional 
n — k — c ancilla qubits in the state |0). We assume that 
Bob's qubits suffer no errors since they do not pass through 
the noisy channel. Let J = (J% J'^, J°) be the set of positions 
of the information qubits, the entangled pairs, and the ancilla 
qubits on Alice's side, respectively. For example, if the initial 
state is |0)|$+)^^|O)®"-'=-^ we have J' = {1, • • • , fc}, 
J'^ = {fc + 1, • • • , fc c}, and J'^ = {fc + c + 1, • • • , n}. 
Then Alice applies a Clifford encoder U on her n qubits 
to protect the information qubits. A Clifford encoder is a 
unitary operator that maps elements Qn to elements of Qn 
under unitary conjugation. An [[a, k, d; c]] EAQEC code is 
defined by the pair {U, J), where d is the minimum distance 
and will be defined later. For convenience, let gj = UZjU^ 
and hj = UXjW for j = 1, • • • , n in ^n- The encoded state 
associated with {U, J) has a set of stabilizer generators 
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in Qn+c, where the superscript A or B indicates that the 
operator acts on the qubits of Alice or Bob, respectively, and 
J J denotes the j-th element in the set J^. Since Bob's qubits 
are error-free, we only consider the operators on Alice's qubits. 
The simplified stabilizer subgroup S' associated with the pair 
([/, J) of Qn is 

S' = {9jf,--- ,9J^,hj^,--- ,hj.,gja^--- ,9j-_^_J. 

Note that the commutation relations are as follows: 



9i * 9j = for all i and j, 
hi * hj = Q for all i and j, 
9i *hj ^0 for i ^ j, 
gi * hi — 1 for all i. 



(1) 
(2) 
(3) 
(4) 



We say that gj and hj are symplectic partners for j G J* U J'^. 
The logical subgroup C associated with the pair {U, J) of the 
encoded state is 

C={gj,hj,j eJ'). 

The symplectic subgroup Ss associated with the pair {U, J) 
of S' is the subgroup generated by the c pairs of symplectic 
partners of S': 

= {9j,hj,j G J"). 

The isotropic subgroup Sj associated with the pair ([/, J) of S' 
is the subgroup generated by the generators gi of S' . Therefore 
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gi * g = for all g in S': 

Si = {g,,jer). 

Notice that S' — Ss y- Si in Qn- The minimum distance d of 
the EAQEC code is the minimum weight of any element in 

S'^\Si. 

III. Duality in EAQEC Codes 

Observe that the orthogonal group of S' — Ss x Si 
associated with the pair {U, J = ( J*^, J")) in ^„ is £ x Si. 
That is, 

CxSi^iSsx Si)^. 

We can define another EAQEC code with logical subgroup Ss, 
symplectic subgroup C and isotropic subgroup Si associated 
to the pair {U, J' = ( J^ J\ J"")). 

The number of a set of independent generators of Ss x Si 
is K ~ 2c+ {n — k — c) ~ n — k + c, and the number of a set 
of independent generators of its orthogonal group C x Si is 
K' = 2k + {n — k — c) = n + k — c. These parameters satisfy 
the following relation: 

K + K' = 2n = N, 

where N is the number of a set of independent generators of 
the full Pauli group Qn- This equation is parallel to the classical 
duality between a code and its dual code, which motivates the 
definition of the dual code of an EAQEC code as follows. 

Definition 1. The dual of an [[n, k, d; c]] EAQEC code, defined 
by a simplified stabilizer group S' = Ss x Si and a logical 
group C associated with the pair {U, J — (J*, J'^ , J")), is the 
[[n,c,d';k]] EAQEC code associated with the pair {U,J' — 
( J'^, J% J")) where C x Si is the simplified stabilizer group 
and Ss is the logical group for some minimum distance d' . 

When c = n — k, we call such a code a maximal- 
entanglement EAQEC code. In this case. Si is the trivial group 
that contains only the identity, and the simplified stabilizer 
group is Ss- Its dual code is a maximal-entanglement EAQEC 
code defined by the logical group C. 

When c — 0, the code is a standard stabilizer code, with a 
stabilizer group S — Si ~ {gj,j G J"'), and a logical group 
£ — {gj,hj,j e J'}. Ss is the trivial group in this case. The 
simplified stabilizer group C defines an [[n, 0, d', fc]] EAQEC 
code — that is, a single entangled stabihzer state that encodes 
no information. 

IV. The MacWilliams Identity and the Linear 
Programming Bounds 

The MacWilliams identity for general quantum codes can be 
obtained from the general theory of classical additive codes as 
indicated in |8 1 or by applying the Poisson summation formula 
from the theory of orthogonal groups \3J] . 

Theorem 2. Suppose Wv{x,y) = EIJ,=o and 
WY±{x,y) = X]I^'=o ^M"'^""™ '■^^ weight enumera- 

tors of a subgroup V of Qn and its orthogonal group in 



Qn- Then 

Wvix,y) ^ j^^Wv±ix + 3y,x-y). (5) 

or equivalently 

1 " 

= -— y ^ P„(u;',n)A^,, for w = 0, • • • ,n, (6) 

Where P^w'^n) = E:=o(-1)''3-"(:') (:_:') the 
Krawtchouk polynomial ifTTl . 

Applying Theorem |2] to the simplified stabilizer group Ss x 
Si and the isotropic subgroup Si, respectively, we obtain the 
MacWilliams Identity for EAQEC codes. 

Corollary 3. The MacWilliams identities for EAQEC codes 
are as follows: 

WcxsAx,y) = ,r. ^ c , WssxsAx + 3y,x-y), (7) 

\C>S X lb/ 1 

Wsj{x,y) = ■T-r—^——^WcxSsy<Sj{x + 3y,x- y). (8) 
\jL X os X 

The significance of the MacWilliams identities is that lin- 
ear programming techniques can be applied to find upper 
bounds on the minimum distance of EAQEC codes. For an 
[[n, k,d;n — k]] EAQEC code. Si is trivial and the minimum 
distance is the minimum weight of any element in the logical 
subgroup C. We must have B^u ~ for w = 1, ■ ■ ■ ,d — 1. If 
we cannot find any solutions to an integer program with the 
following constraints: 

Ao = Ba = 1; 

Am > 0, > 0, for w = 1, • • • , n; 
Aw < \Ss\,Bw < \C\, for w = !,■■■ ,n; 

n n 

^ \ss\,Y. ^ \^\' 

w—O w—0 

1 " 

Ba, = 77^7 Pwiw', n)Aw', for w = 0, • • • ,n; 

Bw = 0, for = 1, • • • , d — 1; 

for a certain d, this result implies that there is no [[n, k,d;n — 
k]] EAQEC code. If d* is the smallest of such d's, then d* — l is 
an upper bound on the minimum distance of an [[n, k, d; n—k]] 
EAQEC code. This bound is called the linear programming 
bound for EAQEC codes. 

For < c < n — fc, both Si and Ss are nontrivial. The 
minimum distance is the minimum weight of any element 
in Si X C \ Si. We need constraints on both the weight 
enumerators of Si x Ss and Si from equations (|7]l and dHJ. 

For = 0, V-^ is the stabilizer group S, V is the 
normalizer group of S and (|5]l gives the MacWilliams Identity 
for stabilizer codes |18J, dgj. 

Now we can establish a table of upper and lower bounds 
on the minimum distance of maximal-entanglement EAQEC 
codes for n < 15. The upper bounds for n < 15 and fc > 2 are 
from the linear programming bound, which is generally tighter 
than the singleton bound |11| and the Hamming bound for 
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nondegenerate EAQEC codes lfT2l . The linear programming 
bounds are not necessarily tight, however In some cases, they 
can be improved by other arguments. For instance, it can be 
proved that [[n, 1, n; n — 1]] and [[n,n — l, 2; 1]] EAQEC codes 
do not exist for even n 1281 . 

Lai and Brun proposed a construction of [[n, l,n;n — 1]] 
entanglement-assisted (EA) repetition codes for n odd in 
lfT6l . By slightly modifying that construction, we construct 
[[n, 1, n — 1; rt — 1]] EA repetition codes for n even I.28J . which 
are optimal. 

The following codes are obtained by applying the 
the EAQEC code construction from classical codes in 

mi: [[7, 2, 5; 5]], [[9, 4, 5; 5]], [[9, 5, 4; 4]], [[10, 4, 6; 6]], 
[[11, 5, 6; 6]], [[11, 4, 6; 7]], [[11, 6, 5; 5]], [[12, 2, 9; 10]], 
[[12, 8, 4; 4]], [[12, 5, 6; 7]], [[13, 2, 10; 11]], [[13, 3, 9; 10]], 
[[13, 6, 6; 7]], [[14, 7, 6; 7]], [[14, 8, 5; 6]], [[15, 9, 5; 6]], 
[[15, 8, 6; 7]]. The following codes are from the circulant code 
construction in d: [[7, 3, 4; 4]], [[8, 2, 6; 6]], [[10, 3, 6; 7]], 
[[11, 3, 7; 8]], [[15, 5, 8; 10]], [[15, 6, 7; 9]]. The following codes 
are obtained by transforming standard stabilizer codes into 
EAQEC codes in [22|: [[6, 2, 4; 5]], [[8, 4, 4; 4]], [[9, 6, 3; 3]], 
[[10, 6, 4; 4]], [[10, 7, 3; 3]], [[U, 8, 3; 3]], [[12, 6, 5; 6]], 
[[12, 7, 4; 5]], [[12, 9, 3; 3]], [[13, 5, 6; 8]], [[13, 9, 4; 4]], 
[[13, 10, 3; 3]], [[14, 11, 3; 3]], [[15, 4, 8; 11]], [[15, 10, 4; 5]]. 
These codes give lower bounds on the achievable distance 
for many values of n and k. 

If an [[n, fc,(i;c]] code exists, it can be shown that both 
an [[n + l,k,d;c+ 1]] and an [[n,k — l,d' > d;c + 
1]] code exist |j28l, which proves the existence of the 
following codes: [[14, 3, 9; 11]], [[14, 9, 4; 5]], [[13, 8, 4; 5]], 
[[14, 10, 3; 4]], [[14, 6, 6; 8]], codes. We used MAGMA |29| to 
find the optimal quantum stabilizer codes, and then applied 
the encoding optimization algorithm in [,16 J to obtain the other 
lower bounds. 

V. Discussion 

In this paper, we defined the dual code of an EAQEC code 
and derived the MacWilliams identities for EAQEC codes. 
Based on these identities, we found a linear programming 
bound on the minimum distance of a EAQEC code. We 
provided a table of upper and lower bounds on the minimum 
distance of maximal-entanglement EAQEC codes for n < 15. 
Most lower bounds in Table U are from the optimization 
algorithm lfT6l . To make the bounds in Table U tighter, we need 
to consider other code constructions to raise the lower bounds. 
We also plan to explore the existence of other [[n, k,d;n — k]] 
codes to decrease the upper bound. Similar tables for EAQEC 
codes with < c < n — fc can be constructed by the same 
techniques. 

Rains introduced the idea of the shadow enumerator of 
a quantum stabilizer code |[30l . which can be related to 
the weight enumerator of the stabilizer group similar to 
the MacWilliams identity. This relation provides additional 
constraints on the linear programming problem and can im- 
prove the linear programming bound for quantum codes. To 
introduce the "shadow enumerator" of an EAQEC code may be 
a potential way to improve on the linear programming bound. 
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TABLE I 

Upper and lower bounds on the minimum distance of any 

[[n, k,d;n — k]] MAXIMAL-ENTANGLEMENT EAQEC CODES. 
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